We have used the generalized gradient approximation ͑GGA͒ to density functional theory to study the vibrational and thermal properties of guest-free Si 136 and Ge 136 clathrates. In order to study the effects of supercell size on our results, we have performed both 34 and 136 atom supercell calculations for each material. We find that the 34 atom supercell calculations predict a small frequency downshift ͑in comparison with the 136 atom supercell calculations͒ in the vibrational density of states of both materials. The GGA-predicted ⌫ phonon frequency of Si 136 ͑480 cm −1 at T =0 K͒ obtained from the 136 atom calculations is in very good agreement with the experimental value for Na 1 Si 136 ͑484 cm −1 at T = 300 K͒. Using the results from our 136 atom calculations, we have also calculated the temperature dependence of the vibrational contributions to the Helmholtz free energy, the entropy, and the specific heat ͑C V ͒ of the guest-free Si 136 and Ge 136 clathrates. The predicted and experimental heat capacities of Si 136 are found to be in close agreement.
I. INTRODUCTION
In the 1960s, Kasper et al. reported the synthesis of two clathrate phases composed of group-I and group-IV elements, Na 8 Si 46 and Na x Si 136 ͑x Ͻ 11͒. 1 These materials have crystal structures similar to the well known clathrate hydrates. 2 Since those first reports, there has been considerable interest in these open framework, higher energy crystalline phases of Si and Ge. 3 The continued interest in these materials and related compounds is due both to their electrical properties, which range from metallic behavior to large band gap semiconductors, [3] [4] [5] and also due to their glasslike thermal conductivity. 6, 7 These characteristics have potential applications in semiconductor and thermoelectric devices. Superconductivity has also been reported in some of the clathrates. 8, 9 Of the two main clathrate phases, there have been fewer investigations of materials of the type-II variety than for the type-I materials. The primitive cell of the type-II structure is face centered cubic and consists of 34 tetrahedrally bonded framework atoms. The larger cubic unit cell contains 136 atoms. The crystal structure is comprised of two different face sharing polyhedra: 28 atom hexakaidecahedra and 20 atom pentagonal dodecahedra, arranged periodically in a 1:2 ratio, respectively.
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The type-II clathrates may be represented by the general formula A 8 B 16 X 136 , where A and B are typically group-I or group-II impurity ͑or "guest"͒ atoms, which fill up the 24 polyhedra ͑cages͒ in the 136 atom unit cell. Here, X represents a group-IV atom, Si, Ge, or Sn. However, the site occupancies of the A and B type atoms may be less than 8 and 16, respectively. Gryko et al. 11 have reported the synthesis of guest-free Si 136 ͑henceforth referred as Si 136 ͒ by controlled removal of Na from Na x Si 136 . More recently, Guloy et al. 12 have reported high yield synthesis techniques of guest-free Ge 136 ͑henceforth referred as Ge 136 ͒. These are important advances, especially in light of the potential applications of these materials in the areas of thermoelectrics and wide band gap semiconductors.
Most of the recent experimental work on type-II Si and Ge clathrates has concentrated on the structural and transport properties. 13, 14 Several theoretical studies of the electronic and vibrational properties of filled and guest-free type-II clathrates also exist in the literature. [15] [16] [17] [18] Theoretical studies of the thermal properties of these materials have been limited. [19] [20] [21] [22] [23] Moriguchi et al. 19 have investigated the thermal properties of Si clathrates using the empirical Tersoff potential. 24 Using first-principles-based calculations, Tang et al. 20 have reported calculations of the entropy, specific heat capacity, and thermal expansion coefficient of Si 136 . Experimental work on the specific heat and thermal conductivity of Si 136 has also been reported by Nolas et al. 21 To our knowledge, calculations of the thermal properties of Ge 136 have not yet been reported.
In this work, we report the results of calculations of the vibrational and thermal properties of Si 136 and Ge 136 . The lattice vibrational frequencies have been calculated from first principles at T = 0 K. We have used these results to predict the temperature dependence of the vibrational contributions to the entropy and specific heat at constant volume ͑C V ͒ of Si 136 and Ge 136 . The predicted C V of Si 136 is found to be in good agreement with experimental specific heat measurements at constant pressure ͑C P ͒.
II. THEORETICAL APPROACH
We have used first-principles theoretical methods that are based on the generalized gradient approximation ͑GGA͒ to density functional theory. The calculations were per-formed with the Vienna ab initio simulation package ͑VASP͒ ͑Ref. 25͒ using planewave basis sets and ultrasoft pseudopotentials. 26 The exchange-correlation potential used was that of Perdew et al. 27 Large supercell models are necessary to carry out such calculations. In order to study the effect of supercell size on our results, we have performed some of our calculations using both 34 and 136 atom supercells for each clathrate and have compared the results. The predicted thermal properties reported here are based on the 136 atom supercell calculations.
First, we have optimized the material geometry using a 4 ϫ 4 ϫ 4 Monkhorst-Pack k-point grid, 28 with a plane-wave cutoff energy of 600 eV. During this optimization, the different force components were converged to within 0.3 meV/ Å or less.
The vibrational calculations were carried out within the harmonic approximation. First, we have obtained the force constant matrix by moving each atom of the relaxed structure by a small finite displacement, ϮU 0 ͑0.02 Å͒. VASP allows the determination of the force constant matrix by calculating the Hessian matrix ͑matrix obtained from the second derivatives of energy with respect to the atomic positions͒. We have used a 2 ϫ 2 ϫ 2 k-point grid to calculate the ⌫-point phonon modes. The dynamical matrix is obtained from the Fourier transform of the force constant matrix. Diagonalization of the dynamical matrix yields the eigenfrequencies and the eigenvectors. 15 The thermal properties have been evaluated by calculating the Helmholtz free energy. In the harmonic approximation, the vibrational contribution to the Helmholtz free energy is given by 29
where k B is the Boltzmann constant, ប is the Planck constant, and g͑͒ is the vibrational density of states ͑VDOS͒. Here, g͑͒ is normalized such that ͐g͑͒d =3N, where N is the number of atoms. The vibrational entropy is given by
͑2͒
The specific heat at constant volume is calculated using the relation
III. RESULTS AND DISCUSSION
Our calculated lattice parameter, bulk modulus, and ⌫ phonon frequency for both the Si 136 and Ge 136 clathrates are listed in Table I Fig.  1͒ , which downshifts the entire spectrum by the same amount. Since VASP uses a direct method for calculating the phonon frequencies ͑see details in Sec. II͒, using the larger 136 atom unit cell is an advantage, especially for calculating the low frequency phonons.
The predicted VDOS for Ge 136 is shown in Fig. 2 . For this material, similar to our results for Si 136 , the 34 atom supercell calculations result in a frequency downshift ͑of about 10 cm −1 ͒ in comparison with the results of the 136 atom calculations. As discussed above, the predicted low frequency phonon modes from the 136 atom supercell calculations are expected to be more accurate than those coming from the 34 atom calculations. The 34 atom calculations also slightly overestimate the Ge-Ge distances ͑see Table I͒ The difference between the specific heat at constant pressure C P and the specific heat at constant volume C V is given by C P -C V = ␣ 2 TV mol B, 33 where ␣ is the temperaturedependent volume coefficient of thermal expansion, V mol is the molar volume, and B is the bulk modulus. Because most experiments are conducted at constant pressure, it would be more relevant to calculate the Gibbs free energy. 34 However, the Helmholtz free energy has been calculated in this study. Like most semiconductors, these type-II clathrates are expected to have a low coefficient of thermal expansion. Si 136 , for example, is reported to have a thermal ͑linear͒ expansion coefficient which is less than 4 ϫ 10 −6 K −1 up to a temperature of about 800 K. 20 Therefore, for this material, the difference between the two specific heats ͑C P -C V ͒ should not be too large. Thus, it is appropriate to compare our calculated C V with the experimental C P data up to temperatures of 300 K. This same kind of comparison was shown to be appropriate for the specific heats of diamond structured Si and Ge and of wurtzite GaN at temperatures ranging from 0 to 300-400 K. 35, 36 The predicted temperature dependences of C V ͑solid curves͒ for Si 136 and Ge 136 in the range 0-300 K are shown in Figs. 3͑a͒ and 3͑b͒ , respectively. To our knowledge, there are currently no experimental specific heat data available for Ge 136 . However, Nolas et al. 21 have measured C P for Si 136 up to 300 K. Their initial data were not in very good agreement with our calculated C V values. However, they have recently 136 . The specific heat at constant volume C V at T = 300 K, the vibrational entropy S vib at T = 300 K, the ZPE, and the difference of the calculated Helmholtz free energies ⌬F vib at T = 0 and 300 K. Fig. 3͑a͒ ͑circular points͒, is in very good agreement with our calculations, up to about 200 K. Above about 200 K, the measured specific heat begins to deviate from the calculated value. Our calculated VDOS at T = 0 K may be the reason for deviation of the experimental values at higher temperatures. This could also be due to increased anharmonicity of the phonon modes at higher temperatures, whereas the predictions are strictly based on the harmonic approximation. In order to obtain an estimate of the Debye temperature ͑ D ͒ for Si 136 and Ge 136 , we have fitted our calculated value of the specific heat at T = 1 K with the formula
where x = ប / k B T and the integral extends over all . This fitting results in predicted values for D of 610 and 341.5 K for Si 136 and Ge 136 , respectively. Figure 4 shows the calculated vibrational entropies of Si 136 ͓Fig. 4͑a͔͒ and Ge 136 ͓Fig. 4͑b͔͒ as a function of temperature. Note that Ge 136 is predicted to have higher vibrational entropy than Si 136 at all temperatures considered. This is due to the larger contribution to the VDOS that the low frequency vibrational modes in Ge 136 make than they do in Si 136 . For example, Fig. 1 shows that the VDOS below about 100 cm −1 for Si 136 is very small. By contrast, in Ge 136 there is a peak in the VDOS at around 92 cm −1 , as can be seen in Fig. 2 . These low frequency modes have longer wavelengths and are associated with larger volumes in configurational space. Therefore, these low frequency modes contribute more toward the vibrational entropy. 36 Another notable feature of our results is the close proximity of the predicted entropy values of each clathrate with the entropy of their respective diamond phases. The experimental values of the entropy of diamond structured Si and Ge at T = 300 K are 18.82 and 31.23 J / mole K, respectively. 37 The predicted entropies of both Si 136 and Ge 136 at 300 K ͑shown in Table II͒ are slightly higher than the values for their corresponding diamond phases. This is expected because the open framework structure of the clathrates should lead to larger entropy.
IV. CONCLUSIONS
We have used first principles GGA-based calculations to study the vibrational and thermal properties of pristine type-II Si 136 and Ge 136 clathrates. The vibrational properties were calculated using both 34 and 136 atom supercells. For Si 136 , the 136 atom calculations predicted a ⌫ phonon frequency of 480 cm −1 . This is in good agreement with the experimental value of 484 cm −1 obtained in Na 1 Si 136 . 32 Using the results from our 136 atom calculations, we have calculated the specific heat at constant volume, the vibrational entropy, the ZPE, and the Debye temperature for both clathrates. The temperature dependence of our calculated C V for Si 136 is in good agreement with the experimental C P up to a temperature of about 200 K.
